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FREQUENCY DEPENDENCE OF THE MEMBRANE 
FLEXOELECTRIC VOLTAGE RESPONSE. 

ADSORPTION OF MULTIVALENT COUNTERIONS 
ON THE SURFACE OF CURVED LIPID BILAYER. 

K. Hristova, I. Bivas and A. Derzhanski 
Institute of Solid State Physics, Laboratory of Liquid Crystals and 

Molecular Electronics, Bulgarian Academy of Sciences, 
72 Lenin blvd, Sofia 1784 Bulgaria 

ABSTRACT 
(Received March 11, 1991) 

The flexoelectric response of the oscillating membrane for different fre- 
quencies is studied. The influence of the adsorption of ions of different 
valencies on the membrane flexoeffect is considered. Different adsorp- 
tion mechanisms corresponding to different binding of the electrolyte 
counterions to the lipid molecules are proposed. 

Keywords: flexoelectricity, ion layers, membranes, frequency dependese, ion ad- 
sorption 

1. INTRODUCTION 

A number of papers dealing with flexoelectricity in membranes exists in 
the literature [1-7]. The problems of the phenomenology and the molecular 
mechanisms of this effect are studied there. There are also experiments proving 
its existence [8-131. However, the processing of experimental data, associated 
with this effect is not trivial. The results to a great extent depend on the 
composition and the properties of the electrolyte, in which the membrane is 
embedded (valency, concentation, specific adsorption). This work is aimed to 
solve these problems. 

2. PHEMENOLOGICAL THEORY OF THE FLEXOELECTRIC 
RESPONSE OF AN OSCILLATING MEMBRANE. 

We consider only symmetric membranes under spherical deformation, which 
is the case in the experiments, performed up to now. Conditionally we call one 
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of the monolayers first and the other- second. The curvature c is positive if the 
center of curvature is from the side of the first monolayer, otherwise it is nega- 
tive. Let @1 and @ 2  be the potentials of two points in the electrolyte far from 
the membrane from the side of the first and the second monolayer, respectively. 
We denote A@ = Q2 - @ I .  

We use the definition of flexocoefficient, given in [5] and expanded in 
[14]. When there is no charge exchange through the membrane the potential 
difference A@ across it under spherical deformation with radius R and a fixed 
curvature c = 1/R is: 

(1) 
f A@ = -2c, 
€0 

where f is the flexoelectric coefficient for free or blocked flip- flop of the mem- 
brane, depending on the experimental conditions and €0 is the dielectric constant 
of vacuum. Actually A@ is a more complex function of c, A@ = A@(c). If this 
function is known the flexocoefficient can be defined through: 

This expression can be generalized in the case of non-spherical deformation but 
it will not be needed in our work. 

When we refer to a membrane we understand the medium inside two par- 
allel surfaces, outside which there are no unhomogeneties. We consider a model, 
according to which the membrane consists of a dielectric part constructed by the 
hydrophobic tails of the lipids and the part of the heads, where the electrolyte 
cannot penetrate, and of two electric double layers comprising the hydrophilic 
heads with the adsorbed ions and the adjacent to them counterions from the 
electrolyte [4]. The potential jump across the membrane can be represented 
as a sum of the potential differences across the dielectric part and the double 
layers: 

A@ = A@diel + A@dl 

and respectively 
f = fdiel + fdl 

The value of f depends on the lipid exchange between the monolayers, consti- 
tuting the membrane. Let n1 and 722 be the number of molecules of the outer 
and inner monolayer per unit mid-surface (the surface dividing the thickness 
of the dielectric layer). As defined by Helfrich [15] Q = (n2 - n1)/(n2 + 12,) is 
the flip-flop coefficient. Q is assumed to be the same for all the points of the 
membrane in a given moment. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

4:
54

 1
8 

Fe
br

ua
ry

 2
01

3 



LIPID BILAYER F'LEXOELECTRICITY AND ION ADSORPTION [5831/239 

Let the membrane curvature oscillate as c = q,cos(wt), where q, is the 
maximal curvature of the oscillations. It is clear that a = a(t). When the value 
of the curvature is fixed there exists a certain equilibrium value 

a(c) = aoc (3) 

If the curvature is a function of time because of membrane viscosity equation 
(3) is not true any more. In this case we suppose that the rate of change of a 
is proportional to its deviation from the equilibrium value: 

dcu 
dt 
_ -  - m(aoco cos(wt) - a) (4) 

where m is a coefficient, associated with the rheological properties of the mem- 
brane. The stationary solution of this equation is: 

mwaoco sin(wt) = maoco cos(wt + 4) (5) a =  m2aoco cos(wt) + 
w2 + m2 J i  w2 + m2 

where 
W 

t an4  = -- 
m 

We consider frequencies, for which the charge exchange due to  the mem- 
brane intrinsic conductivity can be neglected (for egg yolk lecithine membrane 
this condition is fulfilled for frequencies w > Wthr = 27rvthr with vthr=lOHZ). 
The upper frequency limit 105Hz for the proposed theory is defined by the 
charactestic time for the rearrangement of the ions in the boundaries of the 
double layers of the membrane. 

Let f F  be the flexocoefficient of free flip-flop and f B  - of blocked flip-flop. 
Then assuming linear responses of the system with respect to a and c we can 
express the flexoelectric potential difference in the form: 

where a( t )  is the solution of (4). Substituting (4) in (6) we have: 

q, cos(wt) 
(w2 + m2) 

1 mw 
€0 

+-(f" - fB) (w2 + m2)  q, sin(wt) 

(7) 
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where 

We note that the flexoelectric response of the membrane depends on three 
parameters - f B ,  f F  and m. For the usual case f F  > f B  the phase of the 
signal is positive, i.e. the membrane has the behaviour of a capacitance. To our 
knowledge this is the first prediction of this kind. 

At high deformation frequences the dielectric response is: 

A@(t)  = -Q fB  COS(U~)  

€ 0  

At high enough values of m for frequences greater, but of the order of id& the 
flexoelectric response tends to: 

f F  A@(t) = -CO C O S ( ~ ) ,  
EO 

These two limiting cases are considered in [lo]. 

3. MICROSCOPIC THEORY OF DOUBLE LAYER 
FLEXOELECTRICITY 

The flexoelectric response, given by (8) is determined by the sum fdieI+fdl.  

An interesting question is what changes the flexoelectric response undergoes 
upon changes of the parameters of the medium, in which the membrane is 
embedded. It is natural to assume that the medium influences most fdl.  That 
is why here we consider this problem. We note, that experiments of exactly this 
type are been carried out [13]. 

To proceed later on we will introduce the following symbols: 
b - the adsorption constant of Langmuir adsorption. (see the equations of 

Langmuir adsorption (10)). If b = 00 the adsorption is zero; 
0; - the surface charge density of the dielectric border of the first mono- 

layer of the deformed bilayer if there is no adsorption (for details see [14]); 
0: - the same for the dielectric border of the second monolayer; 
n;' and n$ - the concentration of the counterions in the diffuse layer close 

As it follows from the results in [14] A@d, is expressed through the surface 
to the dielectric borders of the two monolayers. 

charge densities 01 and 0 2  on the two dielectric borders. 
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Later on we assume that for the case when each molecule of the membrane is 
exactly one site of adsorption 0 1  and 02 are solutions of Langmuir adsorption 
equations: 

01.r = b(a! - 01) 
4 = b(0;  - 02). (10) 

Here we consider several different cases. For all of them we assume the 
validity of Debye - Huckel approximation. 

3.1. ADSORPTION OF MONOVALENT IONS 

This case is considered recently in details elsewhere [14]. The result is: 

(11)  
bgo 

eq/(no + b)2 + 4&* f d l  = (d  + 1 / K  - a') 

where IC is the reciprocal value of the Debye length, no is the concentration of 
one type of the ions in the electrolyte far from the membrane surface, k is the 
Boltzman constant, T is the absolute temperature, e is the elementary electric 
charge, E is the dielectric constant of the solution, go = -e /Ao,  where A. is 
the area per molecule in the flat membrane, d is the thickness of the dielectric 
layer. For the case of free flip-flop a' = (YO and for blocked flip-flop a' = 0. 

The constant b can be determined by independent experiments [16]. 

3.2. ADSORPTION OF MULTIVALENT IONS 

At least two types of adsorption of divalent ions are described in the 
literature. In the fist one the additive divalent ion is supposed to be adsorbed 
on one lipid molecule ( l : l ) ,  while in the second the divalent ion is adsorbed on 
a couple of charged neighbors (1:2). Here we confine ourselves to the case when 
the adsorption of the electrolyte monovalent ions can be neglected. 

For the (1:l) model of adsorption of z-valent ions, following an algorithm 
in analogy to the one, described in [14] for the flexocoefficient fd, we get: 

0, = 2noz 
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Equation (11) can be obtained from this general case for z = 1. For divalent 
ions z = 2. 

Change in the sign of the flexocoefficient, that could be explained by this 
model is experimentally observed [13]. 

For the (1:2) case we suppose that all the lipid heads have lost one of their 
protons. A divalent ion sticks to a lipid couple, thus making it neutral. 

We consider analytically two limiting cases of adsorption - when the num- 
ber of the adsorbed cations is less than the total number of the lipid molecules 
and when this number is close to the maximal one. 

We use the following symbols: 
Mtt - the number of possible charged couples of lipid neighbors for the 

MZ+' - the same for the second monolayer; 
M,Oo - the number of neutralized due to the adsorption couples of lipid 

M2Oo - the same quantity for the second monolayer; 
N - the lipid concentration in the flat membrane; 
N c ,  NT and N -  - the numbers of charged lipids per unit area in the first 

p - the number of the nearest neighbors of the lipid molecule. 
In this case the Langmuir adsorption equations must be: 

first monolayer; 

neighbors for the first monolayer; 

and second deformed monolayer and in the flat membrane; 

For small concentrations of the adsorbed divalent cations: 

Under these assumptions 

U0 ( b  + no(p - 1)) (d - a' + :) 
J ( b  + no(2p - 1) + %%(I- p ) )  + ge(2p - l)(no(p - 1) + b)  

2 
fdl = - 

€€OK 

(14) 
For the case of high divalent ion adsorption we suppose that there exists a 

certain minimal concentration N i i n  of the charged lipids that cannot be further 
decreased because each charged molecule is surrounded by neutralized ones and 
the adsorption of divalent cations cannot be performed. Assuming the validity 
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of the mean field approximation and using the symbols, defined above, for 
N -  > NGin we get: 

where N -  is given by: 

and 

4e' no 
kT ECOU 

4. DISCUSSION 

In the present work on the basis of realistic assumptions we obtain the am- 
plitude and the phase of the flexoelectric response of the oscillating membrane 
for a wide frequency range. For the first time the interval around the character- 
istic frequency of the flip-flop is considered. The results comprise the explicit 
dependence of the rheological properties of the membranes. They can be used 
for the determination of the flexocoefficients of free and blocked flip - flop and 
of the rate of exchange of molecules between the monolayers of the membrane. 
There exist experimental data on flexoelectricity of oscillating membrane of egg 
yolk lecithine [13]. The frequency dependence of the amplitude of the voltage 
response is in good agreement with formulae (8). 

The experiments, concerning the influence of the additive divalent ions on 
the flexoelectric response can elucidate the mechanism of adsorption. This can 
give an answer whether some of the considered adsorption models is relevant or 
further theoretical investigations are needed. In reality both monovalent and 
divalent ion adsorption take place. It is possible that for the over - all explana- 
tion of the observed effects the simultaneous action of the two mechanisms has 
to be studied. 
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